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Abstract: We consider Dl-branes in a RR flux background and show that there is a 
low energy - large flux double scaling limit where the Dl-branes action is dominated 
by a Chern-Simons-Myers coupling term. As a classical solution to the matrix model, 
we find a novel quantized geometry characterized by a quantum Nambu 3-bracket. Infi- 
nite dimensional representations of the quantum Nambu geometry are constructed which 
demonstrate that the quantum Nambu geometry is intrinsically different from the ordi- 
nary Lie algebra type noncommutative geometry. 

Matrix models for the EE string, HA string and M-theory in the corresponding back- 
grounds are constructed. A classical solution of a quantum Nambu geometry in the 
nA Matrix string theory gives rise to an expansion of the fundamental strings into a 
system of multiple D4-branes and the fluctuation is found to describe an action for a 
non-abelian 3-form field strength which is a natural non-abelian generalization of the 
PST action for a single D4-brane. 

In view of the recent proposals [1,2] of the M5-branes theory in terms of the D4-branes, 
we suggest a natural way to include all the KK modes and propose an action for the the 
multiple M5-branes in a constant C-field. The worldvolume of the M5-branes in a C-field 
is found to be described by a quantum Nambu geometry with self-dual parameters. It is 
intriguing that our action is naturally formulated in terms of a 1-form gauge field living 
on a six dimensional quantum Nambu geometry. 
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1. Introduction 

It is generally expected that the usual description of spacetime in terms of Riemannian 
geometry would break down above the Planck energy scale. A possibility is that geom- 
etry is quantized and spacetime coordinates become quantum operators. In this case, 
traditional spacetime concepts such as locality and causality, and even the fundamental 
nature of spacetime itself, will have to be re-examined. String theory, as a candidate 
for a theory of quantum gravity, provides an interesting setup to address some of these 
questions. One of our motivations is to discover new types of quantum geometries in 
string theory and to study the physics on these quantum spaces. 
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There are a number of ways where a quantum geometry could emerges in string 
theory. One way is to consider open string theory ending on a D-brane with a background 
5-field on it and use the open string to probe the geometry of the D-brane. The obtained 
form of the noncommutative geometry could be of Moyal type [4-7], 

[X^',X'']=i9'"', (1.1) 

or a fuzzy sphere [8,9]. String effects to arbitrary loops can be included readily [10]. 
Noncommutative geometry could also arise in matrix models [11,12] as a classical solution 
[13,14], [15,16]. Myers effects [17] could introduce additional terms to the matrix model 
and lead to new solutions [18-20]. We note that all these quantized geometries are 
characterized by a commutator and could be referred to as of Lie-algebra type. Inclusion 
of small fluctuations around these solutions always gives rise to a noncommutative gauge 
theory [14]. The discovery of a new non Lie-algebra type of quantum geometry in 
string theory would be interesting ^ . Moreover, one may wonder if the physics of the 
fluctuations may lead to some new kind of gauge theory. This is another motivation for 
this work. 

This aim has been achieved partially in [21] where it was shown that the consistency 
between the different descriptions of the M2-M5 intersecting branes system implies that 
the M5-brane geometry in the presence of a constant 3-form C-field takes the form of 

[X^,X'',X^] = i9^''\ (1.2) 

where ^ is a constant and the 3-bracket is given by a Lie 3-bracket ^. A Lie 3-bracket 
is multilinear and is antisymmetric under interchange of any pair of its components. 
Moreover it satisfies the fundamental identity 

[[/, g, h], k, I] = [[/, k, l],g, h] + [/, [g, k, /], /i] + [/, g, [h, k, I]], (1.3) 

where /, g, h, k, I are any elements of the algebra. The reason why a Lie 3-bracket appears 
is because the geometry of the M5-brane was inferred from the boundary dynamics of 
the open M2-branes which end on it; and the BLG model [22] with boundary was used 



^We remark that very interestingly, nonassociative geometry has also made an appearance in string 
theory recently [3]. Unlike the example [8] where the nonassociativity is due to a projection of the 
spectrum, here it seems the emergence of the nonassociativity is due to the insistence of the use of 
a geometric language in a non-geometric background. In this paper we are interested in quantum 
geometries that are characterized by conventional associative operators. We thank Erik Plauschinn for 
a discussion on this. 

^In [21], it was also shown that the standard noncommutative geometry (LI) of D-branes in a 



constant 2-form B-field could be derived similarly by considering the intersecting system of Fl strings 
and D3 brane in _B-field. In this case, the 2-bracket [•, •] is a Lie 2-bracket and is inherited from the Lie 
2-bracket structure of the boundary matrix string theory. 
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to describe the open M2-branes. In a quantum theory, it is necessary to understand the 
relation (|1.2|) as an operator relation. However, the representation of the Lie 3-algebra 
relation as transformations on vector spaces or maybe some kind of generalization is 
still an open question (see [23,24] for some different approaches). Since the difficulties 
are mainly due to the insistence of the fundamental identity, it motivates us to look 
for a 3-bracket geometry of the form ( |1.2| ) but with a 3-bracket where the fundamental 
identity is not required ^ . 

We remark that although the fundamental identity plays a crucial role in the BLG 
model, since it allows gauge transformations to be defined in terms of the 3-bracket 
and ensures the closure of the supersymmetry algebra, a priori there is no reason that 



a quantum geometry of the 3-bracket form ( |1.2|) should obey the fundamental identity. 



In particular if a 3-bracket geometry of the form ( |1.2| ) has a different physical origin 
which is not related to M2-branes, then one would not expect the fundamental identity 
to be observed. In this paper, we will show that the quantum geometry ( p..2| ) arises as 
a classical solution of a matrix model of Dl-strings in a background of large RR 3- form 
flux. Here the 3-bracket is given by one which is defined on ordinary operators: 

[/, h] := fgh + ghf + hfg - fhg - gfh - hgf, (1.4) 

where f,g,h are any three operators and the binary product is the usual operator prod- 
uct. It is easy to see that the fundamental identity is not observed by the 3-bracket 
(|L^), see [27] for a discussion of this as well as some other algebraic properties of the 
3-bracket ( |1.4|) . In fact if one were to give up the fundamental identity, the most natural 
3-bracket to consider would be the one given by ( |1.4| ) which is the most natural higher 
order generalization of the commutator. The 3-bracket ( |1.4| ) was originally introduced 
by Nambu [28] as a possible candidate of the quantization of the classical Nambu bracket 
{/, g, h} := e^^^difdjgdkh. Therefore we will refer to ( |1.4| ) as the quantum Nambu bracket 



and the geometry ( |1.2| ) as the quantum Nambu geometry. 



For the standard noncommutative geometry ( |1 . 1|) , a 2-form field strength can be 
written as 

F^'^ = -i[X",Xn (1.5) 

when the fluctuation over the noncommutative geometry background is taken into ac- 
count. What about the fluctuation around the quantum Nambu geometry? It is sugges- 
tive to interpret the quantum Nambu bracket of the target space coordinate fields 

■^One may think that one could easily repeat the analysis of [21] with the open ABJM theory [25] 



instead and obtain a similar relation (1.2) where X*'s would be operators. This is however not immediate 
since the analysis in [21] involves a comparison of the results obtained in different dual descriptions of 
the M2-M5 intersecting branes system. In particular a comparison of the information contained in 
the boundary condition of the open M2-branes system and those in the 3-sphere (or 3-ellipsoid in the 
presence of C-field) description of the M2-branes spike is needed. However this is tricky for the ABJM 
theory since classically only a fuzzy two sphere is seen, see [26] for a careful analysis on this issue. 
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as a 3-form field strength 

H""^ = -t[X^,X'',X\ (1.6) 

To check this idea, we have to look for a place where a non-abelian 3-form field strength 
lives. This leads us to consider the system of multiple D4-branes (where the 3-form field 
strength would be the Hodge dual of a 2-form field strength) and multiple M5-branes 
(where the 3-form field strength would be self-dual). 

To reach the D4-branes system, we use the Dl-strings matrix model to derive the 
Matrix model descriptions for the II B string, HA string and M-theory in a corresponding 
background of large RR-fiux or its uplift to eleven dimensions. For the II A Matrix string 
theory, we find that a classical solution of quantum Nambu geometry is again allowed. 
We also find that the fluctuation around the solution gives a Lagrangian for a 1-form 
gauge potential whose form is exactly the same as the dimensional reduced PST action 
(which describes a single D4-brane) [30] if a quantum Nambu bracket of X'^ is identified 
as ( |1.6|) as a 3-form field strength whose Hodge dual would be the Yang-Mills field 
strength. Physically, this means the system of fundamental strings has expanded over 
the quantum Nambu geometry into a system of multiple D4-branes. 

Since a system of multiple D4-branes can be considered as a dimensional reduction 
of multiple M5-branes on a circle, it has been proposed recently that [1,2] the instantons 
on the D4-branes can be identified with the KK modes of the compactified M5-branes, 
and that by including all the instantons, the D4-branes SYM theory is in fact equal to 
the M5-branes theory. In view of this, we suggest a natural way to include all the KK 



modes into the D4-branes and propose the action (|5.40| ) for multiple M5-branes in a 
constant self-dual C-field. Our proposed action is living on a 6-dimensional quantum 
Nambu geometry with self-dual parameter ^'^'^'^ and is formulated in terms of a non- 
abelian 3-form field strength defined using (|1.6| ). A priori, such an H'^"^ may not obey 
the desired self-duality condition. Nevertheless quite amazingly we find that the self- 
duality condition emerges naturally from our model. The M5-branes system in a C-field 
could be reduced to a system of D4-branes in 5-field, and the latter has a worldvolume 
described by the standard Moyal type noncommutative geometry. This connection allows 
us to identify the 6^'^''^ parameter of the quantum Nambu geometry as a C-field on the 
worldvolume of the M5-branes. Therefore we obtain the result that the worldvolume of 
the M5-branes in a C-field is described by a quantum Nambu geometry 

[X^,X'',X^]=i9^''\ (1.7) 

with self-dual parameters 9^'^'^ = C^'^^. 

The plan of the paper is as follows. In section 2, we consider Dl-branes in a constant 
RR 3-form flux background. We show that there is a low energy - large flux double scaling 
limit such that the Dl-branes action is dominated by the RR coupling terms. We then 
show that the resulting Dl-branes matrix model has the quantum Nambu geometry 
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as a classical solution. In section 3, we present some analysis of the mathematical 
properties of the quantum Nambu geometry. Infinite dimensional representations are 
constructed, and we explain how the existence of these representations implies that the 
quantum Nambu geometry is intrinsically different from the ordinary Lie algebra type 
geometry. In section 4, we derive the Matrix model descriptions for the II B string, 
n A string and M-theory in the corresponding backgrounds. In section 5, we argue and 
propose the action ( ^.4(J ) as the action for a system of multiple M5-branes in a constant 



C-field. The worldvolume geometry of the system of M5-branes is argued to be given by 
a quantum Nambu geometry with self-dual parameters 6"^'^'*' = C^^'^. In our formulation, 
the fundamental dynamical variables is a 1-form gauge potential and the 3-form field 
strength is constructed out of them as a Nambu bracket. We discuss and give comments 
on this dual formulation. The paper is concluded with some further discussions. 

2. Matrix Model of Dl- Strings in Large RR 3-Form Flux 

2.1 A nB supergravity background 

In the paper [31], an exact HE supergravity background with a constant RR 3-form flux 
was constructed. The background was constructed by turning on a constant RR 3-form 
flux in the AdS^ factor of the standard AdS^ x 5*^ background. The background has a 
spacetime which is a direct product 

M = Mny< M'^ (2.1) 

and has a nonvanishing dilaton, axion, RR potentials C2 and C4 specified by: 

e"* = x/(2y2) = constant, (2.2) 
^ I /ejjfc, j, = 1, 2, 3, 
1 0, otherwise, 

ces on A^5, 

c4 onM',, (2.4) 
otherwise. 

In the above, / and c are constants, £5 and £5 are the volume forms on A4.^{^ = 
0, 1, 2, 3, 4) and M'r^if^ = 5, 6, 7, 8, 9) 



£fio-fj.4 - A/-detG5 €^(,...^4, £^^5...^g - V^-detG^ e^5...^g, (2.5) 
and e„o...„4, e.5....g are the Levi-Civita symbols: e^^^^^ = -691234 = l,e^^^^^ = egezsg = 1- 
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It was found that a consistent background can be constructed if the magnitudes of 
the RR potentials C2 and C4 are chosen appropriately, 

f - \c'. (2.6) 
The metric (in the string frame) takes the form of x AdS2 x S^: 

ds' = Y.idX^f + R\^^^^^) + li'dnl (2.7) 
1=1 

where 

= 2e-2*//2, R!^ = 80e-2*//2, (2.8) 

and dJlg = Gi'j'dX^' dX^' is the metric for an of unit radius. Apart from the R^ part, 
the spacetime can be understood as a warping of a one-dimensional Minkowski space Mi 
with a six-dimensional manifold Yg with a conical singularity at U — 0. 
For later use, we record the RR 2-form potential 

C2 = fe,,kX'dX^dX\ i,j, A; = 1, 2, 3. (2.9) 

Our convention is F^^x — ^{d^Ci,x + dj,C\y_ + dxC^^,). The expressions for C4 is more 
complicated. Later we will consider a large / limit for a system of Dl-strings in this 
background. For our purpose, it is enough to note that C^^...^^, (/ij = 0,1,- ■■ ,4) is 
proportional to 1/f and C^^...^,^,{iii = 5,6,--- ,9) is proportional to cR^ ~ l//"^- We 
remark that the background is nonsupersymmetric. 



2.2 Matrix model of Dl-strings in limit of large F3 



Let us consider a system of N parallel Dl-branes in this background. The worldvolume 
action for the Dl-branes is given by the Non-abelian Born-Infeld action plus the Chern- 
Simons term of the Myers type given by [17] 



Scs = ^^i J TrP(e^^^*'*^C„)e^^. 



(2.10) 



Here /xi = l/{gs27ra'), X = 27ra' and X^ = 2'Ka'(^^ . Our background has 5 = 0. With 
C2 and C4 turned on, the Chern-Simons term reads 



'C5 



111 / Tr 



XFx + PC2 + iX^Fi^i^C2 + iXP i^i^d - —^4^4 



(2.11) 
(2.12) 
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where S^^, S'ca, Sc^ denote the terms in Scs that depend on the RR-potentials C2 and 
C4 respectively. Substituting (|2.9| ), we obtain 



= f[ d^a{Li + L2), (2.13) 



here = — cqi = 1, F = Fqi. From now on we will use F to refer to either the 
curvature two-form or the component Fqi. It should be clear from the context which is 
which. Naively, if we take a large F3 limit, then the Dl-branes action is dominated by 
Scs- This is what we would like to demonstrate now. More precisely, we will show that 
there is a certain double scaling limit wherein the dynamics of the system of Dl-branes is 
dominated by the C2 coupling term ■ To do this, we need to include the Non-abelian 
Born-Infeld action, examine the large / limit of the equations of motion and keep the 
parts of the action that contribute in the limit. 

The Non-abelian Born-Infeld theory in curved space is however not so well under- 
stood. First, for fiat space, one may expand the Non-abelian Born-Infeld action in the 
powers of F. However there is an ambiguity associated with the ordering of F which can- 
not be fixed with a simple symmetrization procedure [32], [33]. This ambiguity associated 
with the ordering of F disappears in the Yang-Mills limit. However in a curved space, 
there is new difficulty associated with the incorporation of a curved metric. A natural 
proposal [34] is to promote the metric to become a matrix Gij{X) and to incorporate 
the effect of curved space with the action, for the case of Dl-branes reads. 



j dVv/-det Gaf}(^ Gij{X)D^X^DpX^G''^ 



+ Lg,j[X)Gkl{X) [X^ X^] [X-^, X^]) , (2.14) 

where a physical gauge X" = cr° has been taken by making use of the worldvolume 
diffeomorphism of the Non-abelian Born-Infeld theory. The action (|2.14| ) is highly am- 



biguous due to the ambiguity in the ordering of X in the metric matrix function G/j(X). 
For the case of p = 0, it was proposed that [34] the action (|2.14]) gives the Matrix theory 
in curved space and it was found that a large class (but not all) of the ambiguities could 
be resolved by requiring that the IR gravitational physics to be correctly reproduced. A 
more general principle is still needed to construct the action unambiguously in general. 

Fortunately we will see that these ambiguities will not bother us. Let us assume 
that in the small a' limit, the system of Dl-branes is described by an action of the form 
with /, J = 2, 3, ■ ■ ■ ,9 together with the Chern-Simon coupling ( ^^.11] ). Note that 



for our metric, the ambiguity of the action Sx is concentrated entirely in the 5*^ part. 
The full Dl-strings action is given by 

Sdi '■= Sx + Scs + Sym^ (2.15) 
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where the Yang-Mills term is 



and the metric is 



Gai3 — R^cr "^rfajS, 

Gil ji = H!^ X Gil ji {^X 



a, /3 = 0, 1, 
z,j = 2,3,4, 

2',/ = 5,6,7,8,9, 



(2.16) 



(2.17) 
(2.18) 
(2.19) 



with Giiji being the metric for a unit 5-sphere. 
It is not difficult to see that: 



1. the scalars X* and X* decouple from each other in the action So^- 

2. the contributions to the equations of motion of X* and X*' from the various pieces 
of the actions ( p.ll| ) and ( |2.14| ) are given by: 



contribution of: 


Sx i|C*4 i|C*4 


EOM of X*: 
EOM of X^': 


Oil/a') Oiir) Oij^) 
Oijk^) O(^) O(^) 



(2.20) 



3. the equation of motion of X* can be solved with X* = 0. 
These are truly independent of the ambiguity of the form of the metric Giiji in the action 

Therefore, one can set X* = and focus on the sector with only the scalars X* and 
the gauge field activated. Now the action S'cj is of order 0{f /a') and the piece of action 
i|C4 in ( p. lip is of order 0(1/ fa'^). Therefore if we take a double scaling limit e — )■ 0: 



a 



f e 



a > 0, 



(2.21) 



such that a > 1/2, then dominates. Moreover, Sym can be ignored compared to S'ca 
if a < 2. All in all, in the double scaling limit ( |2.21| ) with 1/2 < a < 2, the low energy 
action of N Dl-branes in a large -F3 background is given by 



lim^Di = 5(72 ■ 



(2.22) 



We remark that the dominance of the system by a topological term is similar to 
what happened in the discussions of [18], where the effects of a Lorentz force term 



£,,TrX*AX^ ^ = 1,2, 



(2.23) 
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on the physics of a system of DO-branes dissolved in a D2-brane (whose spatial di- 
rections are i = 1,2) was studied. There it was found that the equation of motion 
of L is solved with any time independent configuration DfX^ = and a specific solu- 
tion = i6e^^ which corresponds to a D2-brane non-vanishing charge density were 
considered. 

2.3 Quantum Nambu geometry as classical solution 

We can now find the equations of motion to the action Sc2, these are 

DpX'^X'] + e'^^ei.kiDp, X'X^X''] = 0, (2.24) 
le,.D.XW,X^e^^ + e,,[F;X^X^]'^0, (2.25) 

where [A; B, C]' := [B, C]A+A[B, C]+ B AC —C AB is antisymmetric only in exchange of 
5, C . This bracket arises since Ti[A, B, C]D = Tt[D] B, C]'A, in analogy to the relation 
TrZ}[y4, B] = Tt[D,A]B which is useful in ordinary Yang-Mills theory. 

The first equation is solved with any (covariantly) constant configuration 

D^X' = 0. (2.26) 

The second equation becomes eijk[F, X^ , X'']' = and is solved by 

F = 0. (2.27) 

Certainly the standard noncommutative geometry 

[X\X^]=ie'^ (2.28) 

is allowed, but there is also a new solution 

[X\X^,X'']=iee'^'', (2.29) 



where ^ is a constant and the 3-bracket is given by ( |1.4|) . We note that the solution (p.29|) 
is not allowed in the standard matrix models [11, 12] where no external F^ is turned on. 

We remark that the 3-bracket ( |1.4|) was originally introduced by Nambu [28] as a 
possible candidate of the quantization of the classical Nambu bracket 

{f,g,h}:=e'^'difdjgd,h. (2.30) 

In his paper, Nambu was interested in generalizing the Hamiltonian mechanics to the 
form (Nambu mechanics) 

f^ = {H,,H2,f}, (2.31) 
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which involves two "Hamiltonians" Hi, H2. The concept of a fundamental identity was 
not considered in his consideration. In fact one can easily check that the fundamental 
identity is not satisfied for ( [L.4| ). The concept of fundamental identity was introduced 
almost 20 years later by Takhtajan [35] (and by Baryen and Flato independently [36]) 
as a natural condition for his definition of a Nambu-Poisson manifold which allows him 
to formulate the Nambu mechanics in an invariant geometric form similar to that of 
Hamiltonian mechanics. For example, the fundamental identity implies that the time 
evolution preserves the Nambu bracket. Note that however for this purpose, a weaker 
form of the fundamental identity, where two of the elements are fixed: k = Hi,l = H2, 
is sufficient. What we have shown above is that a quantized geometry characterized by 
the Nambu bracket (|1.4|) is allowed as a solution in string theory and we will refer to the 
quantized geometry ( |2.29| ) as quantum Nambu geometry. 



3. Analysis of the Quantum Nambu Geometry 

3.1 Representations of the Nambu-Heisenberg commutation relation 



An intermediate question to the relation ( p.29| ) is that in what sense it characterizes a 



new quantized geometry. We will address this question in this section. 
3.1.1 Finite dimensional Lie algebraic representations 

Let us start with the observation of Nambu [28] that if X* = ak for a constant a and U 
are the generators of the standard SU{2) algebra 

[/j, Ij] = ieijkh, (3.1) 

then 

[X\X\X'']=ie''''a^CK, (3.2) 

where Cr is the quadratic Casmir for the representation R where X' is in. For N x N 
matrices, = {N"^ — l)/4 and so if we choose = O/Cj^i, then we can realize the 
relation ( p.29| ) with N x N matrices. Nambu has also constructed a representation of 
the relation ( |2.29| ) in terms of SU{2) x SU{2) representations. In these representations 



Nambu constructed, the quantum Nambu bracket is embedded in an underlying Lie 
algebra {SU{2) or SU{2) x SU{2)) as a Casmir. As such, the relation ( p.29| ) is not 
fundamental but is a result of an underlying Lie algebraic structure. This is pretty much 
the story for finite N. What we will show next is that in the large N limit, there are 
new representations of (|2.29|) that are not of the above form, i.e. not representations 



of any Lie algebra. It is the existence of these representations that demonstrates the 
fundamental and novel nature of the Nambu-Heisenberg commutation relation ( ^.29 ). 
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3.1.2 Infinite dimensional representations 

An infinite dimensional representation of ( p.29|) has been constructed by Takhtajan [35]. 



However his representation is complex as the operators X* are not represented as Her- 
mitian operators there. As a result, the quantum space is six dimensional. In this 
subsection, we give two examples of representations where a unitary condition can be 
imposed and the quantum space is three dimensional. We remark that in the large N 
limit, there is probably an infinite number of inequivalent representations for the op- 
erator relation (|2.29|) . Precisely which representation is to be used is a question that 
depends on the physics under consideration. 

To be concrete, we are interested in constructing representations of the relation 

[X\X\X^] = ie, (3.3) 

where 6 is real and there is a certain reality condition which one can impose so that the 
quantum space (|3.3[) can be understood as a deformation of a real 3-dimensional space. 



1. A representation in terms of Z, Z, X 

Let us consider Hermitian X"s and introduce the complex coordinates 

Z:=X^ + iX^, Z:=X^-iX^. (3.4) 

The relation ( |3.3| ) can be written in the form 

[X,Z,Z]=2e, (3.5) 

where X = X^. We consider an ansatz for a representation 

Z\u) = Mu)\u + f3) + f2{u)\u - f3), (3.6a) 
Z\iu) = f;iu + + + mu -P)\uj- (3.6b) 
X\cu) = gicu)\co), (3.6c) 

where the state \uj) is parameterized by a number u and /3 is a fixed "step". It is clear 
the domain of u is one-dimensional. Without loss of generality we can take /3 real and 
a; G M. The form of ( |3.6b| ) is fixed by ( |3.6a| ) by requiring Z = Z'^ . Hermiticity of X 
requires that g be real. We remark that the introduction of Z, Z is motivated by the 
creation and annihilation operators for the Heisenberg commutation relation. Thus it 
would be natural to consider the representation (|3.6a)) -( ^^6^ with /2 = or /i = 0. 
However this always give a constraint of the form ZZ + ZZ = Z{X) for some function 
Z and so describes at most a 2-dimensional space. As a result, we are prompted to try 
the more general ansatz stated above. 
It is easy to obtain 

[X, Z,Z]\^) = h{u)\uj + 2/3) + I-2{^)\uj - 2/3) + h{uj)\uj), (3.7) 
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where 



hiu) = G{uj)K{u), I-2{oo) = h{uj - 2/3)*, (3.8) 
h{uj) = F{oo){2g{uj) - g{uj - /3)) - F{oo + f3){2g{uj) - g{io + /?)) (3.9) 



and 



K{uj) 
F{uj) 



g{co + 2(3)+g{u)-g{u + (3), (3.10) 
f2ico + pyh{uj + /3) - h{u)h{u + 2/3)*, (3.11) 
\f,{u-P)\'-\Uuj)\\ (3.12) 



We would like to find functions g, fi, f2 such that 

h = 1-2 = (3.13) 

and 

/o = 26. (3.14) 

The first condition can be solved by requiring K{u) = or G{u) = 0. The possibihty 
of if = is not good since it imphes that [Z, Z]\lo) = F(uj)\co) and so there is a relation 
of the form [Z, Z] = Z{X) for some function Z. This means the relation ( p.5|) is not 
intrinsic but reducible to a statement about commutators, this is not we are after. For 
this reason, we consider the second possibility 

g{uj + 2(5) + g{uj) - g{u + /3) = 0. (3.15) 

It is easy to see that it implies a pseduo-periodic condition 

g{io + 3(3) = -g{io), (3.16) 

and it follows that 

Io{u) = F{u)A{u) - F{u + P)A{u - /3), (3.17) 

where 

A{u):=g{uj)+g{u + P). (3.18) 
It is A{uj + 3/3) = -A{uj), F{uj + 3/3) = -F{uj). The condition ( gjfSD is solved by 



TT 

g{u) = smau, cosau, where a = — (6p±l), p G Z, (3.19) 

or generally a Fourier sum of these modes. For simplicity, let us construct a representa- 
tion for the simple mode 

g{ijj) = cos aw, (3.20) 



- 12 - 



where a is as specified in ( 3.19 ). Consider the ansatz 



= A;sin(«a;- ^). (3.21^ 



One sees that ( p.l4| ) is solved with 



1Q 

sin a/3 cos ^ 



^ = —n (3-22) 



This provides a constraint on the two functions /i and /2. For example, a simple solution 
is 

= l/sMr = ^0 - y cosao;, (3.23) 

where > 8^/3 is any constant such that the right hand side above is positive. Without 
loss of generality, we can take 13 = 1. The representation space is given by the 1- 
dimensional lattice 

{\uj + n):neZ} (3.24) 

and is of countably infinite dimension for each fixed u. 

2. A representation with symmetry 

We now demonstrate that there is another way to construct a representation of 
( |2.29|) such that the quantum space it represents is 3- dimensional. In this construction, 
we assume no reality condition on the fields X*, so thus far we have 6 degrees of freedom. 
Instead, let us introduce a unitary operator, 

U\u)= Ip'co), 

U^cu) = \puj), (3.25) 
X^\co) = {co + a)\cu + l), (3.26) 



and assuming 



one obtains 

U^X^U\uj) = {p^io + a)\uj + p), 
U^^X^U^\io)= (pw + a)|u; + p2), (3.27) 

where a G C and p is a cubic root of unity {p^ = 1) which is not equal to 1. 
Now if the fields X^, X"^ and X^ are unitarily related to each other by 

X^ = U^X^U, 

X^ = U^X% (3.28) 
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then 



XV) = + a)\^ + 1), 
X'^ltu) = {u + ap)\u + p) , 
X^\uj) = p{uj + ap'^)\uj + p'^) 



and it easy to see that 



[X\X',X']\co) = 3{a'-a){p-p')\co), 



(3.29) 



(3.30) 



where a G C and p — is pure imaginary. In this representation the fields X^,X'^,X^ 
are not Hermitian. They are however related through a unitary transformation, U = e*®, 
where B is some Hermitian operator. So in this representation, we have 2 degrees of 
freedom from X^ and one from giving us 3 real dimensions. 

We note that in this representation, the operators X*'s can be constructed as pseudo- 
differential operators acting on functions {co\i') = i'iou). Let us start with X^ and note 
that {u + 1\X^ = {u! + a){u\ and so X^'ip{u) = {uj\X^\tp) = {u + a - l)ip{uj - 1). 
Therefore, we obtain 

Similarly 



X^ = {u + a-l)e- 



a 

Qu: 



X2 = {p^tu + a- l)e-Pe 



X' 



2 a 



{pu + a - l)e ''a. 



and for the unitary operator 



U 



exp 



ln(p)w 



d_ 

duj 



(3.31) 

(3.32) 
(3.33) 

(3.34) 



The Hermitian conjugate of the unitary operator is 



exp 



(3.35) 



In this construction, the representation space is given by the 2-dimensional lattice 

{|m + np) : m, n G Z} (3.36) 

and is of countably infinite dimension. 

In conclusion, we have shown that there are at least two ways to represent ( |2.29 ) as 
a three-dimensional quantum space: either a real representation, or having one complex 
field and introducing a unitary operator relating X'^,X^. This is in contrast to the 
representation in [35] where all the fields are complex and not unitarily related. 
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3.2 Integrals 

It is an interesting question to construct quantum field theory on the quantum Nambu 
geometry. An important ingredient that is needed is an invariant integral on the space. 
Given a general quantum space, sometimes the symmetry is strong enough to determine 
the integral purely algebraically. For example, this is the case for a compact Lie group 
and some homogeneous spaces of quantum groups. For the Nambu geometry, this is 
not the case due to the existence of many inequivalent representations, an integral must 
be defined using information beyond the algebraic commutation relations. With the 
representations available, we can use the trace to define an integral. The properties of 
the integrals as well as the construction of the quantum field theory will be reported 
elsewhere. 

4. Matrix Theories in Large RR Flux Background 

We would like to perform an expansion around the quantum Nambu geometry and ask 
what kind of gauge theory would come out. We recall that for the standard Lie algebraic 
type noncommutative geometry, a 2-form field strength is obtained from the fluctuation 
over the noncommutative geometry as 

F^"" = -i[X^',X'']. (4.1) 

For our quantum Nambu geometry, it is suggestive to interpret the quantum Nambu 
bracket of the target space coordinate fields as a 3-form field strength 

Rf""^ = -i[X^',X'',X^] (4.2) 

and we would hke to check this idea. 

Places where a non-abelian 3-form field strength lives are, for example, multiple 
D4-branes (where the 3-form field strength would be the Hodge dual to a 2-form field 
strength) and multiple M5-branes (where the 3-form field strength would be self-dual). 
To check the idea, we would like to connect to these systems from our Dl-branes system. 
And to do this, let us first derive the Matrix model descriptions for the HE string theory, 
M-theory and II A string theory in a large flux background using our description (p.l3|) 
for the Dl-branes. 

4.1 EB Matrix Theory 

The HB matrix model can be obtained by a large N reduction [37] of the Dl-string 
action. Let us first denote the covariant derivative zD" = id"' + A", a = 0, 1 as 



(4.3) 



and rewrite Li, L2 in terms of the X's: 

L, = -iTrX*[X",X^][X^X'=]e„;3e,,fc, (4.4) 

L2 = -Tr[X°,Xi][X2,X3,X^]. (4.5) 
Although the form of Li does not look like it, it is not hard to show that 

Li + L2 = ^Tr[X^X^][X^X^X^]e,,,rfe. (4.6) 

It is quite remarkable that the Dl-branes Chern-Simons coupling to a constant RR F3 
flux can be written in such a simple form. The action of X Dl-branes in a large F3 limit 
can thus be written compactly as 

Sdi = ^ j dVTr[X^X^][X^X^X^]e,bede = ^/ c^V TrX''X^X'=X'^X^e„,ede, 

(4.7) 

where a,b,c,d,e = 0,1,2,3,4. The large X reduction gives immediately the following 
D-instantonic action (ignoring an unimportant overall numerical constant), 

SiiB = -^TiX'^X'X'X'X'eabcde, a, b, c,d,e = 0, 1, 2, 3, 4. (4.8) 

This gives the matrix model description for the HE string theory in the limit of a large 
constant RR 3-form flux, and in the sector with X""' = 0, a' = 5, 6, 7, 8, 9. In this limit, 
the Myers term dominates over the standard Yang-Mills term in the IKKT matrix model. 

4.2 Matrix model of M-theory 

The HB background we considered is invariant under the Killing vector d/dx^, i = 2,3, 4. 
Therefore we can compactify, say on a circle of radius R2 and T-dualize. The corre- 
sponding HA background has: 

metric : 5^ x x AdS2 x S^ (4.9) 
constant RR field strength : 

Fij = F2ij, i,j = 3,4, 
Fabcd = F2abcd, a,b,c,d = 0,1, 3, 4, (4.10) 

F2a'b'c'd'e' = Fa'b'c'd'e', o! , b' , c' , d' , c' = 5, 6, 7, 8, 9, 

constant dilaton: e'^' = e"^ . (4.11) 

R2 

Under T-duality, the Dl-branes become D2-branes. In the double scaling limit 
( |2.21| ), the D2-branes action is given by the T-dual of the Dl-branes action ( |4.7| ) by 
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applying the usual T-duality rule [11,38] to the Dl-branes action: 

= 1R2D2, (4.12) 

Tr = / ^Tr. (4.13) 

We obtain 

Sd2 = ^ [ d'crX^X'X'X''X'eabcde (4.14) 

gsls J 

where a,b,c,d,e = 0,1,2,3,4 and we have ignored an unimportant overall numerical 
constant. Note that since the Chern-Simons coupling is topological, the R2 dependence 
gets cancelled in ( [4.141 ). We note that one can also obtain ( |4.14| ) directly from the 



Chern-Simons coupling of D2-branes in the HA RR flux background ( f4.1(J ). It is 

1 



S, 



cs 



J P{Ci)FX + J P{Cs) + J P{tXi^i^C, 



I ^v^.,... , , ^v^., , , . (4.15) 

The C3 and C5 terms have their origin from the RR 5- form of HE and so they can be 
ignored in the double scaling limit ( p.21| ). The Ci term then reproduces precisely ( [4.141 ). 



In addition to D2-branes, the HA side also contains DO, D4, D6 and D8-branes. If 
we put M-theory on a circle and go to the infinite momentum frame, then only states 
with positive DO-brane charge are left in the physical description. In general, this in- 
cludes all the D-branes in the n A theory since by turning on a worldvolume Born-Infeld 
configuration F A ■ ■ ■ A F with p/2 terms, a Dp-brane is charged under Ci. 

With remarkable insights, BFSS proposed originally that M-theory in fiat space 
in the infinite momentum frame is given by the large N quantum mechanics of DO- 
branes [1 1] . The reason why it is not necessary to include the higher Dp-branes {p even) 
is because they can be constructed out of the DO-branes and so they are already included. 
This is so is because in fiat space, the worldvolume action for such a system of Dp-branes 
is given by 



YM 



j (F+^a[X',XJf, (4.16) 



where X^ = (X'^, X*), = 0, 1, ■ ■ ■ , p, i = p + 1, ■ ■ ■ ,9 and X'^ = iD^^ and a background 
with nontrivial F'^"' is assumed. In this way one can see that all the higher Dp-brane 
actions can actually be constructed from the DO-branes and so it is sufficient to include 
only the DO-branes in the description. 

For us, we would like to derive the quantum mechanical description of M-theory in 
a curved background that corresponds to ( [4.9| ) - ( |4.11| ) uplifted to 11 dimensions. The 
eleven dimensional background reads 

metric: ds^ = e-^^'^ds]jA + e^'''{dx^^ - dx^df , (4.17) 

3-form potential : C^^) = -Cabcdx^dx^dx", (4.18) 

6 
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where is the dilaton in HA theory, Ci and Cabc are the RR 1-form potential and RR 
3-form potential which appear in ( [4.10|) . 

Let us denote the 11-th dimensional radius by Rn. In general, with a suitable 
worldvolume flux turned on, the higher Dp-branes (p even) carries DO-brane charges and 
so in principle should be kept in the infinite momentum frame. However as in the fiat 
case, it is sufficient to select a subset of degrees of freedom in such a way that all the 
other degrees of freedom as well as their dynamics could be recovered. Now what is 
different for our background is that there is a set of non-vanishing RR gauge potentials 
which lead to explicit Chern-Simons terms in the action of the Dp-branes. 

Let us examine this in detail. In the double scaling limit ( ^.21| ), we can ignore 
the Yang-Mills term and the Chern-Simons coupling to C3 and C5 (whose origin are 
both from F5 of the II B side) and concentrate on the Chern-Simons coupling of Ci. 
Moreover in the sector where the fields in the sphere directions are set to zero: X'' =0, 
a' = 5, 6, 7, 8, 9, the Chern-Simons couplings for D4, D6 and D8-branes are zero. For the 
DO-branes, we have (ignoring an unimportant overall numerical constant), 

Sd, = \ I P{C^'^) = 4- / dte,,XWtX^, z,j = 3,4. (4.19) 

9s''s J 9s^s J 



Now the action ( [4. 14] ) is equivalent to it's dimensional reduction 

/ 



j dtTTX-X''X'X''X'eabcde, (4.20) 



since one can always recover S02 by compactifying X^,X^ and then decompactify using 
the rules ( [4.12|) , ( |4.13|) . Since the action ( [4. 191) can be considered as a special case of 
( [4.20| ) in a background [X^,X^] = 1, therefore we propose that in the large fiux limit 



and in the sector with X""' = 0, a' = 5, 6, 7, 8, 9, M-theory in our curved background 
( [4.171) , ([4.181) is described by the quantum mechanical action 



Sm = ^ [ dtTiDtX^X^X^X-e.^de, b,c,d,e = 1,2,3,4. (4.21) 
QsL J 

Here we have substituted X° = —iDt and we have ignored an unimportant overall 
numerical constant. 

4.3 n A Matrix String Theory 

Given the Matrix model ( [4.21| ) for M-theory, one could follow the procedure of [39] and 
derive the corresponding HA Matrix string theory. To do this, we first rewrite ( |4.21| ) in 
terms of the eleventh dimensional radius 

Rn = 9sL (4.22) 
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then compactify on a circle of radius R2, and finally perform an 11-2 flip which 
exchanges the role of the 11th and the 2nd direction of the where our M-theory is 
compactified on. In practice this amounts to having instead 

R2 = gJs, (4.23) 

and 

Rn = N, (4.24) 

where a normalization of lightcone momentum j9_|_ = 1 is adopted [39]. In this way, we 
obtain the Matrix string description 

Sua = ^ / TTX-X''X'X''X'eabcde, a, 6, c,d,e = 0, 1, 2, 3, 4, (4.25) 

where 

X° = iD'^, X' = scalars, a = 0, 1, i = 2, 3, 4 (4.26) 

and we have ignored an unimportant overall numerical constant. We note that the Dl- 
strings action ( |4.7| ) and the HA Matrix string action ( [1.25| ) are indeed the same up to 
a constant coefficient. This is similar to what was found in [39-41] where the same 2- 
dimensional supersymmetric Yang- Mils theory could have different string interpretations 
depending on how one associate its parameters with the string theories. This is consistent 
with T-duality. 



5. Multiple D4-Branes and M5-Branes 
5.1 D4-branes in large RR 2-form flux 

Let us concentrate on the Matrix string theory. Since the Matrix string theory (|4.25|) 
takes the same form as the original Dl-strings action ( |4.71 ), it follows immediately that 
it admits the classical solution: 

[X",X''] = 0, [X",X*] = 0, a = 0,1, z = 2,3,4. (5.1) 

As before, the commutation relations of X* among themselves are not constrained. Let 
us consider the solution X*; = of quantum Nambu geometry 

[x'^,x\x^] =ie (5.2) 

and consider a fluctuation around it. In the large N limit, we get a set of large N 
matrices x*. Depending on the representation chosen, they may or may not generate the 
entire set of N x N matrices. In general, assume do not generate the whole set of 
N X N matrices. Then every N x N matrix can be expressed a.s a K x K matrix whose 
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entries are functions of x* [14]. The expansion of the dynamical variables around the 
classical solution can thus be parameterized as 



X' = xnK>cK + A\a,x^). (5.3) 

The action (^^251) becomes 

^5 = ^ / tlX'^X^X^X'^X^eabcde (5.4) 

where Jj,^ = J (Pa and is an integral on the quantum Nambu geometry which can 
be constructed from a representation of the geometry. In the large N limit, the trace 
over large N matrices decompose as usual as Tr = tr. 

We would like to argue that this solution corresponds to a system of K parallel D4- 
branes. To do this, let us introduce a three-form if-field whose components are defined 

by 

H''''^ = -i[X'',X'',X% (5.5) 
H"^'^ = -i[X'^,X'], a, 6, c, e = 0,1,2,3,4, (5.6) 

where 

is the Hodge dual of Hpajs. Our convention for the Hodge duality operation is €012345 = 
1 = —ge^^'^^'^^. We remark that a similar identification has also been proposed in [21] in 
the analysis of the M5-brane geometry in a large C-field. As a result we obtain 

^5= / tTH'''"'H^'^ eabcde, (5.8) 

where have ignored an unimportant overall constant here. 

To see the connection of (|5.8| ) with D4-branes, let us consider the abelian case. Based 
on important earlier works [29], PST constructed a covariant action for for a self-dual 
3-form field strength H = dB living on a single M5-brane [30] : 



SpST ^ J ^ ^ 

Here the Greek indices n = 0,1, ■ ■ ■ ,5 and 



(5.9) 



H,, := -^^H*d'a. (5.10) 



12 
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The action (|5.9| ) is invariant under the following local transformations: 



(/) 6B^,^ = d[^A^], 6a = 0] 
(//) 6Bf,^ = d[f,a ip^] 6a = 0; 

(///) 6B,, = ^^{H,,,d''a-V^.), 6a = if, (5.11) 



where 



V-:=-2ji^^. (5.12) 



-9 6H^^ 

The equation of motion of the 2-form potential B^y is 

e>^^^P^^d^ (^-^{H^^^d^a - V^p)^ = 0. (5.13) 

Using the local symmetry ( |5.11 ), one can then show that it is equivalent to the self- 
duality condition 

H^.xd'^a - V^, = 0. (5.14) 

The scalar field a is introduced to allow six dimensional covariance and is completely 
auxiliary due to the symmetry ( |5.11| ). If we choose a gauge a = and consider the 
linearized case (i.e. linearized equation of motion) with 

Q = -Ih^^H^^^, (5.15) 

then 

V^. = H^.y^{da}^ (5.16) 
and ( p.l4| ) becomes the standard self-duality condition 

H^u5 = H*^5- (5-17) 
In this case the gauge fixed PST action reads 

SpST =-\^ j {^tabcdeH^'^H'"''' + H*'''''' Hl,,^^ , (5.18) 

where a = 0, ■ ■ ■ , 4 etc. See [42] for a detailed discussion of the non-covariant and 
covariant PST formulations of the M5-brane action. Another equivalent description is 
to use the superembedding approach [43,44]. In the next subsection, we will argue how 
to generalize the PST description for a single M5-brane to the non-abelian case. 

Now if we perform a dimensional reduction on x , the first term eahcd^H^^^H^''^ in the 
dimensionally reduced gauge fixed PST action is precisely equal to (pT8|). This matching 
is quite amazing. As for the second term H*°'''^H*f^^, it is identified with the D4-branes' 
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Yang-Mills Lagrangian \/—gF^f^ by performing a (Hodge) dualization. However we have 
shown above that the Yang-Mills term is negligible in our double scaling limit, therefore 
the H*°-'^^H*^^^ term is not seen in the action ( p.8| ). Since a dimensionally reduced M5- 
brane is simply a D4-brane, this means ( ^.8|) , for the Abelian case, does describe a 
D4-brane in the large RR flux background. For the non-abelian case, we propose that 
the action (p. 81) describes a sector of multiple D4-branes theory (where X"' = 0) in a 



large RR 2-form flux background. 

We note that since our term ( ^.81) agrees with the PST action ( |5.18D only if the map 
( ^.5|) is employed, the matching gives us confidence in this identification. We emphasise 
that the reason that it is possible to write ( ^.4|) in terms of the if's is entirely due 
to the fact that the Dl-branes Chern-Simons action could be combined nicely into the 
remarkable form ( [4.7|) , which is true only for our constant RR-fiux in the II B background. 

5.2 A proposal for a theory of multiple M5-branes using l-form gauge field 

Recently, it has been argued that [1,2] the instantons on multiple D4-branes could be 
identified with the KK modes associated with the compactification of M5-branes on a 
circle. By including all these modes, it was proposed that the low energy SYM theory of 
D4-branes is a well-defined quantum theory and is actually the theory of multiple M5- 
branes compactified on a circle. Back to our proposed action ( |5.8|) for D4-branes in a large 
RR flux background, how can we incorporate the higher KK modes in our description? 
A possible hint is from the identification (|5.6| ). We note that the identification for H'^'^^ 
can be written as 

H'^^^ = -i[X'^,X^,X^] (5.19) 

with 

= 1. (5.20) 

If we think about X^ as a scalar field describing the compactified X^ direction transverse 
to the D4-brane, then one can understand the relation (|5.6| ) and (|5.2CI|) as saying only 



the zero mode of the M5-branes has been included, i.e. a dimensional reduction to D4- 
branes. In this picture, it is suggestive to include the higher KK/instantonic modes by 
promoting X^ = 1 to a general field. The identification ( p. 5]) and ( p.l9p can be put 
together as 

H''''^ = -i[X'',X'',X^]. (5.21) 

We would like to propose that it is a different way to write the non-abelian self-dual 
3-form field strength living on M5-branes. In a conventional description, there would 
be a non-abelian 2-form potential B and H = dB + ■ ■ ■ where the ■ ■ ■ term denotes 
terms necessarily for the non-abelianization. Thus we are proposing that there is a 
dual description of the non-abelian 3-form field strength in terms of the l-form variables 
X = X^da^; and the i?- field and the X- field are related, although one can expect the 
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relation to be very complicated. To justify our proposal, one needs to show that H^'^'^ 
satisfies the correct equation of motion (i.e. the self-dual equation) and describes the 
correct number of on-shell degrees of freedom (i.e. three). We will now construct an 
appropriate action to try to achieve these goals. 
Let us start with the following action 

= -\j^^^ (^^eabcdeH'^'^H''''' + Hate + c^H'^'^H^b^) , (5.22) 

where Sg = S5 x 5^ is the worldvolume of the M5-branes and ( |5.21|) is to be used. We will 
consider a constant metric. The action ( p.22| ) is the most general quadratic action that 
can be constructed out of the components H"'^'^ and H"-'^^ and which is compatible with 
the S0{1, 4) Lorentz symmetry. For a non-abelian generalization of the PST Lagrangian 
( |5.18|) , it is expected that C2 = 1 and C3 = 0. Here we have allowed for more general 
possibility since there is no reason to expect that our action to be exactly the same. 

Our goal is to construct an action for the non-abelian 3-form field strength living on 
a system of M5-branes. Generally, one can turn on a constant C-field on the worldvolume 
of the M5-branes. How could one incorporate a C-field in ( |5.22|) ? It is useful to recall a 



similar story for the case of D-branes where it is well known that a constant NSNS in- 
field can be naturally included as classical solution (corresponds to a non-commutative 
geometry) of matrix models [13-16]. The remarkable feature of this construction is that 
the different backgrounds that correspond to different 5-fields arise as different classical 
solutions of the same degrees of freedom of the underlying matrix model. Therefore let 
us follow the same route and consider a reduction of the matrix model to a point. As a 
result, we get the matrix model 

So = ^Tr {cieabcdeX''X'X'X''X'X'> + C2[X", X\ Xf + C3[X", X", X']') , (5.23) 

where 

ci = 2 (5.24) 

and the parameters C2, C3 are to be determined. We will now require that the equation 
of motion of the matrix model to agree with the self-duality condition of H. Quite 
remarkably this can be achieved with a particular choice of the parameters. 
The equations of motion of Sq are 

cieabcdeX''X'X''X''X' + 2c3[[Xa, Xfc, X5], X^ X']' = 0, (5.25) 



and 



cieabcde [X'^X^X'^X^X^ + X^X^'X'^X^X^ + X^X'^X^X'^X^ + X^X^X'^X'^X^ 
+ 6C2[[X„ X,, X,], X^ X^]' + 4c3[X„, Xfc, X5] , X^ X^]' = 0. (5.26) 
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The first equation (|5.25|) can be written as 

- C3)eabcdeX''X'H'''' + 2c^[Hab^ + \tabcdeH'"'^ , X^ X']' = 0. (5.27) 
O D 

Since we want to interpret H^^^ of ( |5.21 ) as tlie non-abelian field strength on M5-branes, 
H^'^^ must satisfy a Bianchi identity. The most natural gauge covariant version would 
be 

[X[^, W^P^] = 0. (5.28) 

We use a convention of [Xt^ H^""^^] = [X", H^"'^] - [X^ H'"^"] + [X^ H'^''^] - [X'^, We 
will comment on its possible origin later. Let us assume this condition holds, particularly 

j^[a^^M]=o, (5.29) 

then we see that the self-duality condition 

Habb = —-^^abcdeH"'^'' (5.30) 

o 

solve ( p:25D . 

Next we turn to ( p. 26]) . Using the conditions ( ^.29|) and the self-duality condition 
( |5.30|) , one can show that the LHS of (|5.26|) can be written as 

(| + 18c2){H,de,X''X^} + {l5^^'^^X^}e,,,,e + (| - '^){X''X'H^''^ - H^^'^X'X'), 

(5.31) 

where 

B^^"^^ := c'Ji/'"^^ X^] - 12c2[H^^''^, X"^!] (5.32) 
and the constants c[, c'{ satisfy 

c'l + c{ = ci. (5.33) 

To get this, we have split the term proportional to ci of ( ^.26|) into two terms (with 
coefficients c[ and c'/) and used the c[ term to combine with the C2 term and the c'/ term 
to combine with the C3 term to arrive at (|]3TD. We note that the term B'""^^ is of the 
form of the Bianchi identity 

[^[5^ ^M] = (5.34) 

if c'l = 4c2. Therefore the equation of motion ( |5.26| ) is satisfied if the coefficients are 
such that 

c[ = 4c2, c'; = -40c2, C3 = -15c2 (5.35) 
and the condition ( |5.34| ) is satisfied. 
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All in all, the equations of motion (|5.25 ), ( ^.26 ) are satisfied if the self-duality 



condition (|5.30|) and the condition ( ^.281) are satisfied and if the coefficients q are given 
by 

C2 = -3^(ci/2), C3 = ^(ci/2). (5.36) 

It is amazing that a set of parameters can be found consistently so that the self-duality 
condition emerges from a matrix model. This is not guaranteed a priori and provides 
evidence that the matrix model ( |5.23|) has something to do with a theory of self-dual 



3-form field strength. 

To get a six dimensional field theory, we need to consider classical solutions to 
the equations of motion and incorporate the fiuctuations around them to build the six 
dimensional theory. An interesting class of solutions which are useful for this purpose is 

= such that 

[x^',x\x^]=ie^'''^l, (5.37) 
where 6'^'^^ are arbitrary constants. Clearly, the condition (|5.28|) is satisfied. Moreover 



the self-duality condition is satisfied if the parameter 6"^^'^ is self-dual. Thus we obtain a 
six dimensional quantum Nambu geometry parameterized by self-dual parameter 
The fiuctuations around the solution can be written as 

= xnK^K + A^{x), (5.38) 

where A'^ are K x K matrices. The large N trace becomes 

Tr = / tr, (5.39) 



where is determined from the representations of the quantum Nambu geometry ( [5. 37] ) 
and our proposal for a theory of K M5-branes (or more precisely, K non-abelian 3-form) 
is 

SM,,e = '11^' Qe,,,,ei^"'^i^'^' + (« ^H-'^H,,, + (1 - a)H-''> H,,,)^^ , 

(5.40) 

with a = 1/6. We note that with the self-duality condition, the second and the third 
term in ( |5.40| ) can be summed together and is equal to H°-'^^Hab^ for any value of a; and 
therefore the action ( ^.40| ) has in fact precisely the same form (including the coefficients) 
as the non-abelian generalization of ( ^.18|) . However only for a = 1/6 can one identify a 
Bianchi identity and the self-duality condition. 

We note that our M5-branes system has a quantum Nambu geometry as its world- 
volume geometry. What is the physical origin responsible for this quantized spacetime? 
The emergence of a noncommutative worldvolume on a brane is typically the result of 
a background gauge potential being turned on in its worldvolume. The fact that the 
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quantization parameter 9^'^^ is self-dual suggests to identify it with the self-dual 3-form 
C-field on the worldvolume of the M5-branes. This identification is further supported 
by the fact that if we dimensionally reduced the M5-branes, say, on the 5-th direction, 
which amounts to putting = 1, then the relation ( |5.37|) reads 



[X^, X^ 1] = [Xf", X"] = le^'^K (5.41) 

This is the noncommutative geometry over D4-branes with a i?-field whose components 
are B^j, = 9^y^, (we remind the readers we are considering the linearized limit). Since the 
-B-field is related to the 11-dimensional C-field as 3^,^ = C^i,^, it is correct to identify 
Qfj-i^^ with the constant C-field C^*^^. All in all, we conclude that the geometry ( [5.37D is 
the result of having a self-dual 3-form C-field 

C^.A = (5.42) 

turned on in the worldvolume of the M5-branes. 

In our description, the field strength H^'^^ is constructed from the 1-form potentials 
A^^ using ( ^.21[ ) and ( |5.38D . In a conventional description of 3-form field strength, a 



2-form potential is used. Our analysis suggests that there maybe in fact two equivalent 
formulations for the theory of multiple M5-branes in a C-field, one in terms of a 1-form 
gauge field as in ours ( |5.4CI| ), and the conventional formulation in terms of a 2-form gauge 
potential. 

Evidence of this can be seen from the counting of the degrees of freedom of our 
model. Initially we have six fields. If the self-duality equation is in fact the equation of 
motion of the theory, then the degrees of freedom are reduced to half and we have indeed 
three degrees of freedom which is appropriate for a description of a self-dual 3-form field 
strength. The theory (|5.40|) would then have all the desirable properties of a theory of 
non-abelian self-dual 3-form field strength except that the theory is written manifestly 
using a 1-form potential as the variables. 

A couple of comments on the dual formulation are in order: 



1. As noted above, our action ( p.40| ) is equal to the non-abelian form of the PST action 



( |5.18| ) when the self-duality condition is satisfied. The agreement of the actions 
on-shell is a necessary condition for our formulation to be an equivalent description 
on-shell. Therefore this agreement provides more support that our proposed action 
(|5.4CI|) indeed provides a dual description of the non-abelian self-dual 3-form. 

2. Our formulation of using a 1-form gauge field is supposed to be equivalent to the 
conventional formulation of using a 2-form gauge potential B^^, only on-shell. As 
such there can be a relation between the 2-form gauge field and the 1-form gauge 
field only on-shell. Identifying such a 5-field from our description is important as 
it would allow us to couple to self-dual strings. 
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3. In the conventional formulation, the existence of the tensor gauge symmetry and 
the self-duality equation is crucial in reducing the fifteen components of B to three. 
In our formulation, we do get the desired number of degree of freedom (modulo the 
issues discussed above) and there is no need of a tensor gauge symmetry. Curiously, 
in a recent construction of the non-abelian 3-form theory using a 2-form S-field 
potential [45], it was shown that the tensor gauge symmetry (part of the G x G 
symmetry structure constructed there) could be gauge fixed to an ordinary gauge 
symmetry G (diagonal part of G x G). It is interesting that the gauge fixed theory 
has precisely the same gauge symmetry as our proposed description here. This 
coincidence provides some support to both the description proposed in [45] and 
the description proposed here. 

4. In the above we have obtained the Bianchi identity and the self-duality condition as 
a solution of the reduced matrix description. However to fully justify our proposal, 
we need to establish that it is the only nontrivial solution. We recall that in 
the PST action ( ^.18|) , one does not get the self-duality condition (|5.14|) as the 



equation of motion immediately. To do this, one needs to make crucial use of the 



symmetry (|5.11| ) which acts on the S-field. For our case, it is possible that there 



is a counterpart of the symmetry ( 5.11| ) which acts on the X's; and this symmetry 



is needed to derive the self-duality equation (and hence the Bianchi identity). It is 
important to understand whether such a symmetry really exists in our model, and 
if so, how it acts. 

Another possible way to settle the issue is to supersymmetrize our action with 
(1,0) or (2,0) supersymmetry since supersymmetry would require the 3-form field 
strength to be self-dual automatically. Supersymmetrization of our system is also 
needed for describing M5-branes. In any case supersymmetry is an important topic 
and we hope to return to it in future work. See [46] for some recent related works 
on (2,0) supersymmetry of a non-abelian self-dual 3-form field strength multiplet. 



6. Discussions 

In this paper we have achieved the goal of finding a novel kind of quantum geometry 
in string theory. The geometry we found is characterized by a quantum Nambu bracket 
and is intrinsically different from the usual Lie-algebraic type noncommutative geometry. 
Starting with an analysis of the Dl-branes matrix model, we arrive at the action (|5.40|) 
which we proposed to be the theory of non-abelian self-dual tensor living on multiple M5- 
branes. We also found that the worldvolume of the M5-branes in a C-field is described 
by a quantum Nambu geometry with self-dual parameters 6^"^^ = G^'^^. These are the 
main results of the paper. 
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It is intriguing that there seems to be a dual formulation of the theory of non- 
abelian self-dual 3- form field strength in terms of a 1-form gauge potential. We have 
discussed various aspects of this dual formulation and how this may be related to the 
conventional formulation in terms of a 2-form gauge field. As a proposed description for 
the worldvolume theory of multiple M5-branes, it is interesting to understand how ( ^.40| ) 
could be reduced to the non-abelian Yang-Mills theory of D4-branes. It is also necessary 
to include supersymmetry in ( ^.4U ). 

It is an interesting result that the worldvolume of an M5-brane in a C-field back- 
ground is described by a quantum Nambu geometry with self-dual parameters. One may 
wonder how to obtain this result by a quantization of an open M2-brane in the presence 
of a C-field. However it appears that treating the mixed boundary condition as a con- 
straint and canonically quantizing the system may not be the best way to proceed [47]. It 
may be possible that a different choice of the quantization variables and a reformulation 
of the quantization is necessary. 

Our proposed action ( p.4CI| ) for multiple M5-branes in a C-field ( p. 421 ) is defined on a 
quantum Nambu geometry. It is instructive to recall that in the case of D-branes with a 
5-field, the worldvolume action can be either expressed in terms of a commutative lan- 
guage as a Dirac-Born-Infeld action, or in terms of noncommutative geometry, as a much 
simpler noncommutative Yang-Mills action. This remarkable equivalence is established 
with the Seiberg- Witten map [7] . In our case, the action for a system of M5-branes with 
C-field can in principle be constructed as a non-abelian generalization of the Abelian 
PST action (linearized or nonlinear) with C-field. This action has not been constructed 
(see however [45] and also [48,49] for some recent proposals for the case with C = 0), but 
in any case can be expected to be very complicated. Our proposed action ( p.40p takes 
a much simpler form. Like the noncommutative Yang-Mills action, it is supposed to be 
equal to the full form of a non-abelian non-linear PST action with a C-field via some 
kind of mapping like the Seiberg- Witten map. The understanding of how symmetries 
are realized in the different models is important in understanding this Seiberg- Witten 
map. 

We have presented a preliminary analysis of the properties of the quantum Nambu 
geometry. For the usual noncommutative geometry of the Moyal type, the existence of a 
noncommutative parameter leads to a number of very interesting physical effects [50]. It 
will be interesting to construct quantum field theory on the quantized Nambu space and 
to uncover the novel physical effects associated with the existence of the Nambu scale 
parameter 6. In the dual language, one can try to formulate the operator ic quantum 
Nambu geometry as an algebra of functions with a *-product. The construction of the 
*-product will be very interesting and will be very helpful in the construction of the 
quantum field theory. 

In the usual noncommutative geometry of the Moyal type, a fluctuation analysis 
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typically leads to a (noncommutative) Yang-Mills gauge theory whose field strength is 
defined by a commutator. We have performed a small fiuctuation analysis around the 
quantum Nambu geometry describing a system of D4-branes and found that the action 
can be written in terms of a three-form field strength defined by the quantum Nambu 
bracket. We have also argued for a dual formulation of the theory of a 3- form field 
strength whose field strength is defined in terms of the quantum Nambu bracket of a 
1-form gauge field. The pattern seems to be that a non-abelian A^-form gauge theory is 
naturally associated with a quantum geometry defined by a quantum A^-bracket. It will 
be interesting to develop this further and understand better the properties of the gauge 
symmetry for these higher-form gauge theories. 

A close variant of the quantum Nambu geometry is the geometry defined by the 
following relation 

[X\X^,X'']=tXe'^''^X\ (6.1) 

which is also defined using the quantum Nambu 3-bracket. In the case of Lie 2-bracket, 
the fuzzy geometry could be obtained in a matrix model where the Moyal type non- 
commutative geometry is a solution by adding a mass term. It would be interesting 
to see whether { p.l\) also arises in string theory and in particular from a modification 
of our Dl-branes matrix model with additional terms. The geometry ( |6.1D with a Lie 
3-bracket has played an important role in the studies of multiple M2-branes [22]. One 
may wonder if (|6.1| ) for a quantum Nambu bracket may also play some role in the physics 
of M-branes. It is also interesting to understand better the mathematical properties of 
e.g. its center and representations, and to construct quantum field theory of this 
kind of quantum space as well. 

Finally we emphasise that the quantum Nambu bracket we considered in this pa- 
per should not be confused with the quantization of the Nambu- Poisson bracket. The 
Nambu- Poisson bracket was introduced by Takhtajan [35] and obeys the fundamental 
identity. Its quantization is a very hard mathematical problem and so far there is no 
satisfactory solution to it. It is an interesting question as to whether a quantum Nambu- 
Poisson bracket, or higher n-ary structures which are constrained by a fundamental 
identity [51], appears in the description of quantum geometry in string theory. On the 
other hand, it is very possible that one could generalize the consideration of this paper by 
considering higher form fiux and find a higher A^-bracket (completely antisymmetrized 
sum of N elements) quantum geometry in string theory. 

Acknowledgements 

We are grateful to Satoshi Ito, Sanjaye Ramgoolam, Harold Steinacker and Pichet 
Vanichchapongjaroen for discussions and particularly to Pei-Ming Ho and Douglas Smith 
also for reading the draft of the paper and giving us many useful comments. CSC wishes 



- 29 - 



to thank the participants of Corfu 2011 Summer Workshop on Noncommutative Field 
Theory and Gravity, where some of the results of the paper were presented, for comments. 
The work of CSC and GS is partially supported by STFC. 



References 

[1] M. R. Douglas, "On D=5 super Yang-Mills theory and (2,0) theory," JHEP 1102 
(2011) Oil. [arXiv: 1012.2880 [hep-th]]. 

[2] N. Lambert, C. Papageorgakis, M. Schmidt- Sommerfeld, "M5-Branes, D4-Branes and 
Quantum 5D super- Yang-Mills," JHEP 1101 (2011) 083. [arXiv:1012.2882 [hep-th]]. 

[3] R. Blumenhagen, E. Plauschinn, "Nonassociative Gravity in String Theory?," J. Phys. A 
A44 (2011) 015401. [arXiv: 1010. 1263 [hep-th]]. 

R. Blumenhagen, A. Deser, D. Lust, E. Plauschinn, F. Rennecke, "Non-geometric 
Fluxes, Asymmetric Strings and Nonassociative Geometry," J. Phys. A A44 (2011) 
385401. [arXiv: 1106.0316 [hep-th]]. 

[4] M. R. Douglas and C. M. Hull, "D-branes and the noncommutative torus," JHEP 9802 

(1998) 008 [arXiv:hep-th/9711165]. 

[5] C. S. Chu and P. M. Ho, "Noncommutative open string and D-brane," Nucl. Phys. B 
550 (1999) 151 [arXiv:hep-th/9812219]. 

C. S. Chu and P. M. Ho, "Constrained quantization of open string in background B field 
and noncommutative D-brane," Nucl. Phys. B 568 (2000) 447 [arXiv:hcp-th/9906192]. 
C. S. Chu, "Noncommutative open string: Neutral and charged," arXiv:hep-th/0001144. 

[6] V. Schomcrus, "D-branes and deformation quantization," JHEP 9906 (1999) 030 
[arXiv:hep-th/9903205]. 

[7] N. Seiberg and E. Witten, "String theory and noncommutative geometry," JHEP 9909 

(1999) 032 [arXiv:hep-th/9908142]. 

[8] A. Y. .Alekseev, A. Recknagel, V. Schomerus, "Noncommutative world volume 
geometries: Branes on SU(2) and fuzzy spheres," JHEP 9909 (1999) 023. 
[hep-th/9908040]. 

[9] A. Y. .Alekseev, A. Recknagel, V. Schomerus, "Brane dynamics in background fluxes 
and noncommutative geometry," JHEP 0005 (2000) 010. [hep-th/0003187]. 

[10] A. Bilal, C. -S. Chu, R. Russo, "String theory and noncommutative field theories at one 
loop," Nucl. Phys. B582 (2000) 65-94. [hep-th/0003180]. 
C. -S. Chu, R. Russo, S. Sciuto, "Multiloop string amplitudes with B field and 
noncommutative QFT," Nucl. Phys. B585 (2000) 193-218. [arXiv:hep-th/0004183 
[hep-th]]. 



-30- 



[11] T. Banks, W. Fischler, S. H. Shenker, L. Susskind, Phys. Rev. D55 (1997) 5112-5128. 
[hep-th/9610043]. 

[12] N. Ishibashi, H. Kawai, Y. Kitazawa, A. Tsuchiya, "A Large N reduced model as 
superstring," Nucl. Phys. B498 (1997) 467-491. [hep-th/9612115]. 

[13] T. Banks, N. Scibcrg, S. H. Shenker, "Branes from matrices," Nucl. Phys. B490 (1997) 
91-106. [hep-th/9612157]. 

[14] N. Seiberg, "A Note on background independence in noncommutative gauge theories, 
matrix model and tachyon condensation," JHEP 0009 (2000) 003. [hep-th/0008013]. 

[15] I. Chepelev, Y. Makeenko, K. Zarembo, "Properties of D-branes in matrix model of IIB 
superstring," Phys. Lett. B400 (1997) 43-51. [hep-th/9701151]. 

[16] A. Fayyazuddin, D. J. Smith, "P-brane solutions in IKKT IIB matrix theory," Mod. 
Phys. Lett. A12 (1997) 1447-1454. [hep-th/9701168]. 

[17] R. C. Myers, "Dielectric-branes," JHEP 9912 (1999) 022 [arXiv:hep-th/9910053]. 

[18] J. H. Brodic, L. Susskind, N. Toumbas, "How Bob Laughlin tamed the giant graviton 
from Taub - NUT space," JHEP 0102 (2001) 003. [hep-th/0010105]. 

[19] S. Iso, Y. Kimura, K. Tanaka, K. Wakatsuki, "Noncommutative gauge theory on fuzzy 
sphere from matrix model," Nucl. Phys. B604 (2001) 121-147. [hep-th/0101102]. 

[20] D. Berenstein, J. M. Maldacena and H. Nastase, "Strings in flat space and pp waves 
from N = 4 super Yang Mills," JHEP 0204 (2002) 013, hep-th/0202021. 

[21] C. S. Chu and D. J. Smith, "Towards the QuantTim Geometry of the M5-brane in a 
Constant C-Field from Multiple Membranes," JHEP 0904 (2009) 097 [arXiv:0901.1847 
[hep-th]]. 

[22] J. Bagger and N. Lambert, "Modeling multiple M2's," Phys. Rev. D 75 (2007) 045020 

[arXiv:hep-th/0611108]. 

A. Gustavsson, "Algebraic structures on parallel M2-branes," arXiv:0709.1260 [hep-th]. 
J. Bagger and N. Lambert, "Gauge Symmetry and Supersymmetry of Multiple 
M2-Branes," Phys. Rev. D 77 (2008) 065008 [arXiv:071 1.0955 [hep-th]]. 

[23] J. DeBellis, C. Saemann, R. J. Szabo, J. Math. Phys. 51 (2010) 122303. 
[arXiv:1001.3275 [hep-th]]. 

J. DeBellis, C. Samann, R. J. Szabo, "Quantized Nambu-Poisson Manifolds in a 3-Lie 
Algebra Reduced Model," JHEP 1104 (2011) 075. [arXiv: 1012.2236 [hep-th]]. 

[24] C. S. Chu, "Cartan-Weyl 3-algebras and the BLG Theory I: Classification of 
Cartan-Weyl 3-algebras," JHEP 1010 (2010) 050 [arXiv: 1004. 1397 [hep-th]]. 

"Cartan-Weyl 3-algebras and the BLG Theory II: Strong-Semisimplicity and Generalized 
Cartan-Weyl 3-algebras," arXiv: 1004. 1513 [hep-th]. 



- 31 - 



[25] O. Aharony, O. Bergman, D. L. Jaffcris and J. Maldacena, "N=6 superconformal 

Chern-Simons-mattcr theories, M2-branes and their gravity duals," JHEP 0810 (2008) 
091 [arXiv:0806.1218 [hep-th]]. 

[26] H. Nastase, C. Papageorgakis and S. Ramgoolam, "The fuzzy 5"^ structure of M2-M5 
systems in ABJM membrane theories," JHEP 0905 (2009) 123 [arXiv:0903.3966 
[hep-th]]. 

[27] T. Curtright, C. K. Zachos, "Classical and quantum Nambu mechanics," Phys. Rev. 
D68 (2003) 085001. [hep-th/02 12267]. 

[28] Y. Nambu, "Generalized Hamiltonian dynamics," Phys. Rev. D 7, 2405 (1973). 

[29] M. Perry, J. H. Schwarz, "Interacting chiral gauge fields in six-dimensions and 
Born-Infeld theory," Nucl. Phys. B489 (1997) 47-64. [hcp-th/9611065]. 
J. H. Schwarz, "Coupling a selfdual tensor to gravity in six-dimensions," Phys. Lett. 
B395 (1997) 191-195. [hep-th/9701008]. 

[30] P. Pasti, D. P. Sorokin, M. Tonin, "Covariant action for a D = 11 five-brane with the 
chiral field," Phys. Lett. B398 (1997) 41-46. [hep-th/9701037]. 

[31] C. -S. Chu, P. -M. Ho, "Dl-branc in Constant R-R 3-form Flux and Nambu Dynamics in 
String Theory," JHEP 1102 (2011) 020. [arXiv: 101 1.3765 [hep-th]]. 

[32] A. A. Tseytlin, "On nonAbelian generalization of Born-Infeld action in string theory," 
Nucl. Phys. B501 (1997) 41-52. [hep-th/9701125]. 

[33] A. Hashimoto, W. Taylor, "Fluctuation spectra of tilted and intersecting D-branes from 
the Born-Infeld action," Nucl. Phys. B503 (1997) 193-219. [hep-th/9703217]. 

[34] M. R. Douglas, "D-branes and matrix theory in curved space," Nucl. Phys. Proc. Suppl. 
68 (1998) 381-393. [hep-th/9707228]. 

M. R. Douglas, A. Kato, H. Ooguri, "D-brane actions on Kahler manifolds," Adv. Theor. 
Math. Phys. 1 (1998) 237-258. [hep-th/9708012]. 

[35] L. Takhtajan, "On Foundation Of The Generalized Nambu Mechanics (Second 
Version)," Commun. Math. Phys. 160, 295 (1994) [arXiv:hep-th/9301111]. 

[36] as remarked by Takhtajan in [35]. 

[37] T. Eguchi, H. Kawai, "Reduction of Dynamical Degrees of Freedom in the Large N 
Gauge Theory," Phys. Rev. Lett. 48 (1982) 1063. 

[38] W. Taylor, "D-brane field theory on compact spaces," Phys. Lett. B394 (1997) 283-287. 
[hep-th/9611042]. 

[39] R. Dijkgraaf, E. P. Verlindc, H. L. Verlinde, "Matrix string theory," Nucl. Phys. B500 
(1997) 43-61. [hep-th/9703030]. 



- 32 - 



[40] H. L. Verlinde, "A Matrix string interpretation of the large N loop equation," 
[hep-tli/9705029]. 

[41] L. Bonora, C. S. Chu, "On the string interpretation of M(atrix) theory," Phys. Lett. 
B410 (1997) 142-150. [hep-th/9705137]. 

[42] M. Aganagic, J. Park, C. Popescu, J. H. Schwarz, "World volume action of the M theory 
five-brane," Nucl. Phys. B496 (1997) 191-214. [hep-th/9701166]. 

[43] P. S. Howe, E. Sezgin, "Superbranes," Phys. Lett. B390 (1997) 133-142. 
[hep-th/9607227]. 

P. S. Howe, E. Sezgin, "D = 11, p = 5," Phys. Lett. B394 (1997) 62-66. 
[hep-th/9611008]. 

P. S. Howe, E. Sezgin, P. C. West, "Covariant field equations of the M theory 
five-brane," Phys. Lett. B399 (1997) 49-59. [hep-th/9702008]. 

[44] I. A. Bandos, K. Lechner, A. Nurmagambetov, P. Pasti, D. P. Sorokin, M. Tonin, "On 
the equivalence of different formulations of the M theory five-brane," Phys. Lett. B408 
(1997) 135-141. [hep-th/9703127]. 

[45] C. -S. Chu, "A Theory of Non-Abelian Tensor Gauge Field with Non-Abelian Gauge 
Symmetry G x G," [arXiv: 1108.5131 [hep-th]]. 

[46] N. Lambert, C. Papageorgakis, "Nonabelian (2,0) Tensor Multiplets and 3-algebras," 
JHEP 1008 (2010) 083. [arXiv: 1007.2982 [hep-th]]. 

N. Lambert, P. Richmond, "(2,0) Supcrsymmetry and the Light-Cone Description of 

M5-branes," [arXiv: 1109.6454 [hcp-th]]. 

C. Papageorgakis, C. Sacmann, "The 3-Lic Algebra (2,0) Tensor Multiplet and Equations 
of Motion on Loop Space," JHEP 1105 (2011) 099. [arXiv:1103.6192 [hep-th]]. 

[47] E. Bergshoeff, D. S. Berman, J. P. van der Schaar and P. Sundell, "A noncommutative 
M-theory five-brane," Nucl. Phys. B 590 (2000) 173 [arXiv:hep-th/0005026]. 
S. Kawamoto and N. Sasakura, "Open membranes in a constant C-field background and 
noncommutative JHEP 0007 (2000) 014 [arXiv:hep-th/0005123]. 

[48] P. -M. Ho, K. -W. Huang, Y. Matsuo, "A Non-Abehan Self-Dual Gauge Theory in b+1 
Dimensions," JHEP 1107 (2011) 021. [arXiv: 1104.4040 [hep-th]]. 

[49] H. Samtleben, E. Sezgin, R. Wimmer, "(1,0) superconformal models in six dimensions," 
[arXiv: 1108.4060 [hep-th]]. 

[50] For review, see, for example, M. R. Douglas, N. A. Nekrasov, "Noncommutative field 
theory," Rev. Mod. Phys. 73 (2001) 977-1029. [hep-th/0106048]. 
R. J. Szabo, "Quantum field theory on noncommutative spaces," Phys. Rept. 378 
(2003) 207-299. [hep-th/0109162]. 



- 33 - 



J. A. Harvey, "Komaba lectures on noncommutative solitons and D-branes," 
[hep-th/0102076]. 

and a more recent one, C. S. Chu, "Non-commutative geometry from strings," 
arXiv:hep-th/0502167. 

[51] J. A. de Azcarraga, J. M. Izquierdo, "n-ary algebras: A Review with applications," J. 
Phys. A A43 (2010) 293001. [arXiv: 1005. 1028 [math-ph]]. 



-34- 



